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S$1 Appendix. Wavelet Transform Algorithm

The wavelet transform is defined as the convolution of a scaled parent wavelet function ¢ with

the analysed function g(t),
W(s,t) = [ g (t —1)dt (F1)
Morlet wavelet was chosen as the mother wave, defined as
0o(0) = n—}(eimfot — =0 /2)o=t22 ()

Where fq is the central frequency, t is time. The second term in the brackets is known as the
correction term, as it corrects for the non-zero mean of the complex sinusoid of the first term.
In practice it becomes negligible and can be ignored while f;>> 0, in which case, the Morlet

wavelet can be written in a simpler form as [1]

1,
9o(t) = n rel?Mhte /2 (F3)
Here the scale s was defined as :
f=fo/s=wo/2Tts  (F4)

where wy is the reference coefficient, which equals central frequency divided by 2. Wy shifts
the balance between frequency resolution and time resolution. Therefore the wavelet function

based on the Morlet wavelet function can be expressed as

(p(t/s) = n_%eiwot/se_(t/s)z/z (FS)



18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

The CWT of atime series (x,, n=1, 2,***, N) with uniform time steps dt, is defined as the

convolution of x, with the scaled and normalized wavelet, which can be described as F6-F7:

- «r(m' —n)ét
Wa(s) = ZpiZo X @' [

1 (F6)

P[0 = (2 o % ()

N N

Where @™ is the complex conjugate of the normalized wavelet function; n is the time-series
index, and 6t is the sampling time. We define A = W, (S)W,,(S)* as the wavelet power density,

the complex argument of W,,(s) can be interpreted as the local phase.

The finite length of the signal resulted in the edge artifacts of WT. It is therefore useful to

introduce an index, Cone of Influence (COl), in which the edge effect is significant and the

wavelet power for discontinuity at the edge drops by a factor of e~2. The edge effect is sv'2 for
Morlet wavelet [2,3]. The points within the edge effect area were removed prior to the

phase/coherence point extraction. COl is larger for larger w.

The cross wavelet transform

The cross wavelet transform (XWT) of two time series x,, and y, is defined as
wXY =wXwY*  (F8)

where * denotes complex conjugation. The complex argument of W*' can be interpreted as the

local relative phase shift between x, and y, [3-5].

Wavelet transform coherence
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The squared wavelet coherence is defined as the squared absolute value of the smoothed
cross-wavelet spectrum, normalized by the smoothed wavelet power spectrum of the two

signals,

x .2
W 5y5715]
<W,’{x(s)-s—1><Wf;y(s)-s—1>

Ci(s) = (F9)

where W *and W > are the wavelet spectral density function; W »” is the cross-wavelet
spectrum ; and the angular brackets indicate the smoothing operator. This definition of the
wavelet coherence corresponds with the Fourier-based coherence and maintains its value

between 0 and 1.

The smoothing operator is achieved by a convolution in time and scale.

SW) = Sscate (Stime(Wn(s)))' (F10)

where Sscale implies smoothing along the wavelet scale axis and Stime means smoothing in

_n2
time. The time convolution is performed with a Gaussian e n /252, which is the absolute value
of the wavelet function in each scale. The time convolution will double the edge artefact to
25v/2. The scale convolution is performed by a rectangular window with a length of Tjo * S,

where g;, = 0.6 is the empirical scale decorrelation length for the Morlet wavelet [6],

(W) = [(cawy(s) * e /%), % ¢, H(Sjos)]s (F11)

c1 and c2 are the normalization factors and Il is the rectangular function.
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